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Abstract the design process independently of the filter length. This
makes filter banks with non-symmetric filters and a lower
A new design method for biorthogonal modulated filter than usual delay possible, which is important for applica-
banks is presented. Itis based on a cascade of simple matritions like speech and audio coding. Its delay does not need
ces, and it has some properties that have not been reportedo be an integer multiple a¥, it can be specified in terms of
before. It represents filter banks with arbitrary overalksy  the higher sampling rate. It also possesses an computation-
tem delay and filter length, it is shown that almost all cosine ally efficient implementation and the perfect reconstmrcti
modulated filter banks can be described by this structure, property is maintained even if low precision arithmetic is
and that it leads to a more efficient implementation than used for its implementation.
previous structures. Imposing certain symmetries on the The impulse responses have the form
matrices can be used to design low delay filter banks with
identical (except for the sign) baseband impulse responses /iy (n) = h(n) - cos (i(k +0.5)(n+ 0.5+ no))
for the analysis and synthesis filter bank. N

gs(n) = h/(n)-%-cos (%(k’ +0.5)(n+ 05— N+ ng))

1. Introduction k=0,....N—1,n=0,...,LN -1

Their length isL N, which can include leading or trailing
zeros. The facto2/N is just a normalization which simpli-
fies the following notationk(») andh’(n) are the analysis
and synthesis baseband prototype filters respectively. For
causalityh(n) = 0 andh’(n) = 0 for n < 0. no andng

can be limited to- N < ng,n; < N due to the periodic-

The system considered here is&nband (V even) co-
sine modulated FIR filter bank with critical downsampling
and perfect reconstruction. The analysis part consisié of
analysis filters with impulse responskg(n) with subse-

uent downsampling by, wherek is the f ) ) - . ;
d pling byv, where/: Is the frequency or ity of the cosine function. The modulation function gf

band index. Its input signal is(»), its output are theV : . .
subbandsy, (m), wherem is the time index at the lower has a shift 91‘]\7 becayse it better suits the form for perfect
reconstruction, as will be seen.

sampling rate. The synthesis part consists of upsamplers by
N followed by N synthesis filters with impulse responses .
g(n). The output of these filters is summed to form the 1.1. Definitions

reconstructed signal(n). The filter bank has perfect re- )
construction if?(n) = x(n — ng), whereng is the system Boldface letters denote matrices or vectors:"means

delay. “defined as”. A polynomial matrif(z) is causal if it con-
Filter banks used so far usually have orthogonal filters t@ins no positive powers af Iis theN'x N identity matrix,

and a standard system delay which equals the length of itdhe anti-diagonal matrix is defined as

filters minus one sample, assumed its filters are of equal

length. Their delays are determined by the lower sampling 00 0 1
rate, i.e. they have system delays which are restricted to be 00 Lo
integer multiples ofV, minus one. Ji=1: Do

The filter bank presented here is not orthogonal but bi- 0 1 0 0
orthogonal, and the system delay can be pre-specified in 10 0 0



o 0 - 0 Perfect reconstruction meals,(z) - Ps(2) = 274 S"1(2)
0 = - 0 The system delay,; is the delay introduced by the above

diag(wo, ..., ¥N-1) := matrices plus the blocking delay of lengt — 1, which
0 0 - z results from forming input blockX (z) of length/N before
N-1 processing them. Itresultstg =d- N+ N —1—n;. ny
0 0 0 =z can be used for the “fine tuning” of the system delay.
S()=| 0 L 0 -0 3. The New Factorization
0O -~ 0 1 0 Modulated filter banks have certain symmetries in their

impulse responses that can be used for the design and ef-
ficient implementation of the filter bank. The important
point here is that their polyphase matrices can be written
as a product of a sparse "filter matrix” with polynomial el-
ementsF,(z), Fs(z), a transform matrixT’, and the shift
matrixS(z). They all can be implemented efficientl.can
basically be any transform matrix, but here it is assumed to
be a Discrete Cosine Transform type IV matrix, defined as

diagis anN x N diagonal matrix an&(z) is a shift matrix.
The rank of a (square) matrfXs rank(f) and defined as the
number of linearly independent row or column vectors$ .of
If the rank is equal to the number of rows or columnd of
it has a full rank.[f],, » denotes the element at thé&h row
andk’th column of the matrixX.

2. The Polyphase Notation

. o _ [T := cos(—(k + 0.5)(n+0.5)) , 0<n, k<N
For an N-band analysis/synthesis filter bank, the input N

is represented by alV-dimensional row vectok(n) COM-  This means the polyphase matrices can be written as the
posed of the downsampled input components product
x(m) := [x(mN),...,z(mN + N — 1)] Pa(z) =8"(z) - Fa(z) - T

P.(z) = T7'-Fg(z) - S™(2)

ng, n, are inthe range df < n,,n, < N, withn, = ng
X(2) = [Xo(2), .-, Xn-1(2)] if ng > 0, elsen, = no + N, andn, = nj, if n}) > 0,
elsen, = nj + N. The filter matrices can be obtained with
Fa(z) :=S7"(2) - Pa(z) - T7t andFy(2) := T - Pg(2) -
S~ ":(z). They have a sparse, “bi-diagonal” form

Taking thez-transform of each element we obtain the vector

similar for the reconstructed sign#ll(z). For every block
of V input samples)N output samples are produced. These

outputs areyy (m) wherek = 0,1,...,N — 1 and are
also expressed as the vecyofm) with corresponding:- .

F.(z) = [diag(Pn_1(2),..., P -J
transform row vectoiY (z) = [Yo(%),...,Yn-1(2)]. The (2) = [diag(Pr-1(2) o(=)) - I+
analysis filtersy, (n) that convert(m) intoy(m) are rep- +2 1 (=) diag(—Pan_1(2), ..., —Pn(2))] - '
resented as an analysis polyphase filter ma®x its ele- : . , ,
ments are Fs(z) = 3" - [diag(Py_1(2), ..., Po(2)) - I+

L-1 ) +27h e (= 1)  diag(Py (2), -, Pay_1(2))]
[Pale)] = z_:()h’“(mN+N_ 1—n)z wherei, = 0 if n, = no, elsei, = 1, andi, = 0 if

ns = ng, elsei; = 1, and with
n,k=0,...,N — 1, wherek is the frequency index and
the time index. The analysis section can now be completely

_ m _,—2m
described by the equation Pi(z)= Y h(m2N+k—ng)(=1)"z 1)

m=—0oQ

Y(z) = X(z) - Pa(z) k=0,...,2N—1,

The synthesis polyphase matrix is

& P(z)= Y Wm2N+k=n)(-1)":7" ()
[Ps(2)],n == Z gr(mN +n)z™™ m=—co

Itis assumed that, = ¢, because this results in the suit-

So that the output of the synthesis filter bank can be writtenable form for perfect reconstruction (see also sec. 5 eqs.

as 7, 8). These filter matrices could now already be used for
X(z) =Y(z) - Ps(2) the design of filter banks. To perfectly reconstruct a signal



from a given analysis filter bank the synthesis filter matrix 272 B5'(z) = 3%« [z~! . diag(b%, ..., b3y _1) - I+
needs to be the inverse of the analysis filter matrix, multi- ; 0 0

plied with a delay:~? to make it causal. But this approach +diag(0, ..., 0, byyg, -5 by_1)]

may lead to IIR synthesis filters, which may not be stable. i+ 70 — _p0/(0 30 N g _
There would also be no direct control over the system de—Wlth Pr24i = =05/ Crgsban 1) 3 = 0..N/2=1,and
lay, which is determined by the additional delay?. The
goal is now to obtain FIR analysis and also FIR synthesis
filters with the perfect reconstruction property, to have-co
trol over the overall system delay, and to obtain a structure
for an efficient implementation. This is done by construct-
ing the filter matrices as a product or cascade of two basic
types of simpler matrices. The simple matrices have an in-

Wi =1/Bn_1_;i=0..N—1

A product of these matrices has to have the shape of the
filter matrix, i.e. it must have a bi-diagonal shape and the
distribution of the even and odd powers:ofmust be as in
the filter matrix. This ensures that the resulting polyphase
matrix leads to a modulated filter bank. The following prod-
ucts or cascades have this property. The analysis filter ma-

verse, which is FIR, have different system delays assatiate trixis

with them, and are sparse with only a few elements unequal p=1 v

to 1 or 0, which leads to an efficient implementation. The Fa(z) =Bo(2) - [ Hi(2) - [[ L (2)
design process then consists of choosing the matrices for i=1 j=1

the desired properties (system delay, filter length) and the
to optimize the coefficients of the resulting cascade for the
desired frequency response. These simple matrices are d
scribed in the following.

wherer andy are the number of zero-delay matrices and
maximum-delay matrices resp. The synthesis filter matrix
l:Tor perfect reconstruction is

Zero-Delay Matrices They increase the filter length but Fy(z) = 2 9Fa~(2) =
not the system delay.
1 1
Ei(z) :=J + 27! . diag(0,...,0, ENj2r s en_1) = H Lj_l(z) . H (z_ZHi_l(z)) . (z_ZBal(z))
j=v i=p—1
R -1 . ] 7
Gi(z) :=J 427" - diag(go, -+ gj2-1,0,-++:0) whered = 2. H; andL; are defined a#l; (=) := B;(z) if

wheree!, g are matrix coefficients, anddenotes different  éa = 0, €lseH,(z) := A;(z). Li(z) := Ei(z) if H; = B;
sets of coefficientsi(> 0). Observe that their inverse is and is even orH; = A; andy is odd, elseL;(z) :=

causal, so that no multiplication with a delay is necessary. Gi(z). The coefficients 0B () which lead to coefficients
of S™=(z) - Bo(z) with positive powers have to be set to

E '(z) =3+ 27" diag(—€ly_1,..., —€y/9,0,...,0) zero in order to obtain causal filters, where it is assumed
, , thatn, > n,. This can always be done singe< n, < N.
Gil(z) =3+ 27" diag(0,...,0,—gN/3_1,---» —90) The system delay is

Maximum-DeIgy Matrices They also increase the filter na=p-2N+N—1—nq—n,
length, but especially the system delay.
As can be seen the minimum possible delay is the block-
ing delay of ¥V — 1 samples. It is obtained with = 1,
1 . ; ; n, = n, = N and is independent of the filter length. The

Bi(z) = 27" - J + diag(bp, - - -, byyp-1: 0, -, 0) length of the non-zero part of the analysis and synthesis fil-
The matrixB, () uses also coefficients on the anti-diagonalters is(u 4+ v)N + N/2 — max(N/2,n,) for v > 0 and

uN + N — max(N/2,n,) for v = 0, where max(.,.) is

A;(2) =271 T + diag(0,. ..,0,a§w2, ey diy_y)

Bo(z) := [71- J - diag(bY, ..., bhy_1)+ the maximum of the two values.(n) andh’(n) haveN/2
. leading zeros if:, andn, is zero. That is why the system
+diag(bg, . - -, by/5-1,0, ..., 0)] - I’ delay in this case can be reduced Sywithout reducing
Their inverse need a multiplication with2 to to obtaina  the filter quality by increasing,, andn, to N/2. Observe
causal matrix. that in this case filter banks with a standard delay are ob-
tained if v = p. An efficient implementation of the fil-
TEOATN) =27 Tt ter bank can be obtained by implementing the the simple
) ) matrices and the shift matrix, and to take an efficient algo-
+diag(—ay_y, ..., —ay;2,0,...,0), rithm for the NV x N DCT. The number of multiplications

necessary is the number of elements in the simple matrices
' ' which are not 0 or 1, plus the number for the fast trans-
+diag(0,...,0,— §V/2_1, ey —bg), form. This number, without the transform, is less or equal

272 Bi_l(z) =z 1.3+



t01.5-N—max(N/2,n,)+(p+v)-N/2 foreach, theanal-  they are multiplied byfs (L — 2))~! - J from the right side

ysis and the synthesis. This implementation is more generalor J - (fo(L — 2))~! from the left. If we define

and also more efficient than previous approaches, e.g. like

Malvars ELT [2]. Also note that the coefficients for the syn- Li(2) := 3 - (fa(L = 2)) 7! - (fa(L = 2) + fa(L — 1) -2 71)

thesis matrices result from sign flipping, and that the input . _1, \ 1 1

for the multipliers is the same as for the analysis (except ° (2) = (L =2)+K(L—1)-z7) - (B(L=2)7-J

for the matrixB,) which means that they provide perfect then

reconstruction even if they are implemented with low pre- Fa(z)-Li'(2) , Li(2) - Fs(2)

cisiorj grithmetic, as long as the sign fIipp?ng is exact. The ove 4 length factok reduced by 14 is unchanged. Here

coefficients of the simple matrices determine the frequencys the jteration index. It has the reverse order of the aimlys

responses of the filter bank. They can be obtained e.g. Witheagcaqe, je. it starts with= » and is reduced for each step

the optimization described in [5, 6, 7, 8]. of the iteration. The matrii;(z) has the form off;(z)

or G;(z), depending on whether the non-zero elements of

fa(L — 1) are on the right or left side. The reducEg and

F, are again a filter matrix of a cosine modulated filter bank.
This section is a proof to show that all FIR cosine mod- They have the same form &, andF; sinceL; has a bi-

ulated filter banks with perfect reconstruction whé(e ) diagonal form. They again result in an FIR filter bank with

and?’(n) have one contiguous nonzero part can be repre-FIR inverse sincd.; has an FIR inverse. The condition for

sented by the given factorization. It presents an iterative @ further reduction of lengtli is that the reduced', and

algorithm for the extraction of the; andH; from the filter ~ F lead again to contiguous baseband impulse responses, in

matrices of a given filter bank. The filter matrices can be order to obtain the next, (L — 2) andf, (L — 2) invertible.

written as a polynomial of matrices, This is usually the case. If not, the objectionable zeros in i

can be replaced by some smallThis process of reducing

4. Completeness

-1 . L-1 . L of F, andF, can be continued untilZ, — 3 < d. This
Fa(z) = Z fa(m) - 27", Fs(2) = Z fs(m) - 2 way the zero delay matrices are obtained.
m=0 m=0

Perfect reconstruction results in

2L-2

T T=Fa(2) Fo(z) = 3 27 > fali) - £a())

i+j=m

Now consider the matrices for certain exponentslf d <
2L — 3, then form = 2L — 2 it follows

0= Zi+j:mfa(i) A () =fa(L - 1) - £(L - 1)

and form = 2L — 3

3)

(L — 1) £u(L—2) +fa(L—2)-f(L—1) =0 (4)

Since h(n) is a contiguous nonzero filte, (L — 2) and

Then the same can be done for the other side, the be-
ginning of the impulse response. Observe that> 0,
ns > 0, and causality results imank(f,(0)) < N and
rank(fs(0)) < N, so thatd > 1 at the start of the itera-
tion. If d > 1 then form =0

£.(0) - f-(0) =0 (5)
and form =1
fa(O) . fs(l) + fa(l) . fs(o) =0 (6)

Here it can be concluded thetnk(fa(0))= rank(fa(0)) <
N/2 andf,(1), f,(1) have full rank. Define

H;(2) 1= T - (fa(1) " (£a(0) + £a(1) - 271),

fs(L — 2) are diagonal or anti-diagonal matrices with full H7 N (2) = (Fa(0) + £(1) - 27 - (F(1)) 1 - T - 22,
rank, sincef,(L — 1) andfs(L — 1) contain the end of h
the nonzero part of the baseband impulse response (als<5 en

Fa(z) - Hl_l(z) , 22 -H;(z) - Fs(2)

compare with eqn.1, 2). Equation 3 meaask(f,(L —
1)) 4+ rank(fs(L. — 1)) < N, and equation 4 means that are causal, with length reduced by 1¢ reduced by 2. The
rank(fo(L — 1)) = rank(fs(L — 1)). It follows that iteration starts with = y — 1. The matrixH;(z) has the
rank(fa(L—1)) = rank(fs(L.—1)) < N/2. Sincef,(L—1) formof A,(z) orB;(z), depending on whether the non-zero
andfs(L — 1) are diagonal or anti-diagonal matrices, the elements of,(0) are on the right or left side. As above the
number of their non-zero elements is less than or equal toresulting matrices are again filter matrices of an FIR cosine
N/2. Since the baseband impulse response is contiguousnodulated filter bank. This process of reducing the length
these non-zero elements must also be contiguous on the dief F, andF, is continued untilL. = 2. This way the max-
agonal or anti-diagonal, bordering on the right or left sdle  imum delay matrices are obtained. The matrices which are
the matrix. The right side of equations 3 and 4 is still zero if left areBo(z) andBg*(z).



5 Symmetries

In many applications it is desirable to have identical

magnitude responses for the analysis and synthesis filters.

This is always the case for orthogonal filter banks, where

analysis and synthesis filters are time reversed versions of

each other. It is in general not the case for bi-orthogonal
filters. But it is shown that the presented filter bank can

[aa)
°

be designed such that it has this property by imposing some

constraints, even in the case of a low system delay. Idéntica

magnitude responses are obtained if the baseband impulse

responses for analysis and synthesis are identical, efarept

the sign,h'(n) = s - h(n) wheres = 1 ors = —1. Now

Fs(z) is the synthesis filter matrix for perfect reconstruction

if

o) — s-279P(2)
P/(z) = 272 PN (2) Pan—1-i(2) — Pz’(Z)PN—l—i(Z)(7)
Pl (2) = 22 Prvi()

272 Pnyi(2)Pan—1-i(2) — Pi(2) Pn_1-4(2)
@

fori=10,...,N—1.
It follows thath/(n) = s - h(n) if P/(z) = s- P;(z) for
1=0,...,2N — 1. Eq. 7, 8 show that this is the case if

Z_ZPN_H(Z)PQN_l_Z'(Z) — PZ'(Z)PN_l_Z'(Z) =5 Z_d

fori = 0,...,N — 1 and some integad. The left side
of this condition is like the determinant of a matrix of the
elements at these 4 positions. It is multiplicative, i.eit if
is true for two matrices it is also true for their product. If
this condition is fulfilled by the simple matrices by which
F, is constructed, it is true foF,. It is easy to see that
the matricedH; (=) andL;(z) already fulfill this condition.
Bo(z) can be designed such that it fulfills the condition if

bO

X4i = 8/b9y_y_; fori =0,..., N — 1. This condition

can also be used to simplify the optimization since e.g. only

the analysis filter matrix needs to be optimized.
Example

Figure 1 shows an example of a filter bank with a low sys-
tem delay, compared with an orthogonal filter bank with a
standard system delay. The parameters of the low delay fil-
ter bank aren, = n, = N/2, v = 3, ¢ = 1, and the
symmetry condition for identical magnitude responses for
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Figure 1. Magnitude responses of the baseband low
delay prototype (the lower curve), compared with an
orthogonal filter bank (upper curve)
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